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ABSTRACT
Heat exchangers (HX) are key components in the heating, cooling, and power systems and improving their heat
transfer performance has a direct impact on the system efficiencies and global energy sustainability. Conventionally,
heat transfer is enhanced by the use of extended secondary surfaces such as baffles in shell based HX, and corrugations
in plate-fin HX. These diffusive material structures increase the overall heat transfer area as well as prevent the growth
of boundary layer. With increasing sophistications in manufacturing techniques, more compact HX designs with small
diameter flow paths and complex flow channels as in the case of printed circuit heat exchangers were made possible.
However, these designs have been shown to suffer significant pressure-drop penalties. Rapid growth in the field of
additive manufacturing has set off a stream of research into complex shapes and geometries for engineering
applications. Triply Periodic Minimal Surfaces (TPMS) are a class of differential surfaces that are gaining such
increased interest in the past few years, especially for heat transfer applications. This paper summarizes a
comprehensive literature review investigating the use of TPMS structures for HX applications that have been shown
to produce 15 – 120% higher heat transfer coefficients for a given pumping power than a printed circuit HX design.
Further, three understudied Fisher-Koch (FK) TPMS structures were identified and computationally analyzed for
thermal-hydraulic performance to compare with the established superiority of Schwarz-D TPMS structure. The FK
TPMS HX designs exhibited 23% - 356% increase in heat transfer while maintaining similar pressure drops when
compared to the Schwarz-D TPMS HX design. This paper concludes by identifying key research directions to
characterize the thermal-hydraulic performance of TPMS HX designs and their experimental validation.
Keywords: heat exchanger, triply periodic minimal surface, tpms, design

1. INTRODUCTION
Global energy consumption has been increasing by 2%/year until the pandemic in 2019 (Enerdata, 2021) and the trend
is expected to continue now that the world is recovering to normalcy. However, according to International Energy
Agency (IEA), energy intensity improvement had seen a drop to 1.5% in 2018 from over 2% in the previous years. It
is well below the target value of 4%/year over the next 20 years for global sustainability (Motherway, 2020). Hence,
it is paramount to improve energy efficiency to ensure global energy sustainability. Heat exchangers are key
components in the heating, cooling and power systems used in all industries. Thus, improving the heat transfer
effectiveness of Heat eXchangers (HX) directly plays a crucial role in global energy sustainability.
Compact HXs have been an ongoing topic of research for the past few decades and Li et al. (2011) provide a review
of different compact HX designs in their work. Most compact HX designs use small characteristic flow diameters,
louvered fins and complex flow channels to increase their effective heat transfer area. Along the same line,
unstructured metal foams (Lu et al., 2006; Mahjoob and Vafai, 2008) and structured periodic lattices (Ekade and
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Krishnan, 2019; Maloney et al., 2012; Pelanconi et al., 2021) have also been investigated for HX designs due to their
highly compact structure. Typically, these designs require unconventional manufacturing techniques like special
brazing technique for small characteristic diameter tubes and photochemical etching process for complex printed
circuit HX designs which hinders their commercialization. However, with the exponential growth in additive
manufacturing techniques in the recent decade, it is now possible to realize these complex compact HX designs
without the limitations of conventional manufacturing techniques.
Triply Periodic Minimal Surfaces (TPMSs) are a type of periodic structure that are gaining interest in many
engineering applications, including HX applications, due to the advancements in additive manufacturing. They are a
class of differential surfaces called minimal surfaces. These surfaces are of particular interest since they can pack
relatively large surface area in a given volume. In addition, their continuous flexures without sharp edges mean these
structures do not have concentration points that can compromise material properties. Their continuous curvature can
also reduce the pressure drop penalties that are inherent in other compact HX designs discussed above. The main
objective of this work is to identify and characterize thermal-hydraulic performance of different TPMS structures as
heat exchangers.
A minimal surface is a differential surface that locally minimizes its surface energy. The simplest minimal surface is
the catenoid, discovered by Euler in 1744. It can be realized using a soap film as shown in Figure 1. Mathematically,
Meusnier defined minimal surfaces as those with zero mean curvature everywhere and also discovered helicoid as the
second minimal surface (Hyde et al., 1996; Meeks and Pérez, 2012). It was not until German professor Hermann
Schwarz (1972) who used complex analysis and Weierstraß formula, more complex minimal surfaces were identified.
Later, Schoen (1970) named these surfaces in his report where he also identified several new examples of periodic
minimal surfaces.

Figure 1: (Top): A region of the catenoid formed by a soap film. (Bottom left): Computer-graphics image of a
portion of a catenoid. (Bottom right): larger view showing “trumpet” ends (Hyde et al., 1996)

Figure 2: TPMS surfaces and their bi-continuous skeletal graphs: a) Gyroid (G) surface, b) Diamond (D) surface, c)
Primitive (P) surface (Han and Che, 2018)
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Geometrically, Schwarz minimal surfaces are categorized as genus-3 bi-continuous triply periodic minimal surfaces.
That is to say, they have three holes in the surface and divide the three-dimensional Euclidian space into two equal,
interpenetrating, intersection-free, infinitely repeating labyrinths. It is this property that makes these surfaces an
interesting alternative to traditional HX designs. Alan Schoen named these surfaces based on the crystal lattice they
represent as shown in Figure 2. Skeletal graphs representing the crystal lattice with a network of rods connecting the
centers of the two labyrinths are also shown in Figure 2 (Han and Che, 2018).

2. LITERATURE ON TPMS BASED HEAT EXCHANGERS
In general, all minimal surfaces have one significant property that makes them intriguing to study; symmetry. Karcher
and Polthier (1996) highlighted that a minimal surface that has a straight-line boundary can be rotated by 180°along
the straight line to form a bigger minimal surface. TPMSs have an additional property of translational symmetry in
three independent directions, meaning that one can generate an infinite TPMS by simply translating a section of the
TPMS in the three directions. For this reason, TPMSs are sometimes called Infinite Periodic Minimal Surfaces
(IPMSs).
There are several ways to construct TPMS. The authors use the equations mentioned in Table 1 (Michielsen and Kole,
2003; von Schnering and Nesper, 1991; Wohlgemuth et al., 2001) to generate implicit surfaces. This method is the
most widely used in the literature because of its simplicity and ease of implementation.
Table 2 shows the literature (Al-Ketan et al., 2020; Femmer et al., 2015; W. Li et al., 2020; Passos, 2019) on use of
TPMS for heat exchange applications. Existing literatures only discuss the three surfaces shown in Figure 2. Among
the common P, D, and G TPMSs, D surface has been shown to have the best thermal-hydraulic performance, even
better than conventional HX designs in some cases. Apart from the ones listed in Table 2, there are other similar works
(Kim and Yoo, 2020; Peng et al., 2019; Reynolds, 2020) that conclude that Schwarz-D TPMS has the best HX
implementation due to its high area density.

3. THERMAL HYDRAULIC CHARACTERIZATION OF TPMS HX
Triply periodic minimal surfaces can be divided into balanced and unbalanced structures based on how they divide
the R3 space. Balanced TPMSs have an additional property which enables them to separate the R3 space into two
congruent domains. This property is of particular interest for fluid-to-fluid heat transfer applications. The authors aim
to show a heat transfer and hydraulic performance comparison among several balanced TPMS structures. In order to
maintain a common performance metric among the geometries considered, it was made sure that each TPMS unit-cell
geometry design had the same hydraulic diameter 𝐷ℎ of ∼ 3.8 − 3.9 mm. The hydraulic diameters were taken as
average of 4 times wetted area by wetted perimeter across 10 different cross-sectional planes along the unit-cell flow
direction.
Table 1: Level set approximation functions for common TPMS
TPMS
Name
P

Level set function
cos(X) + cos(Y) + cos(Z) = 0

G

sin(X).cos(Y) + sin(Y).cos(Z) + sin(z).cos(X) = 0

D

cos(X).cos(Y).cos(Z) + sin(X).sin(Y).cos(Z) + sin(X).cos(Y).sin(Z) + cos(X).sin(Y).sin(Z) = 0

S

cos(2X).sin(Y).cos(Z) + cos(X).cos(2Y).sin(Z) + sin(X).cos(Y).cos(2Z) = 0

C(Y)
C(±Y)

-cos(X).cos(Y).cos(Z) - sin(X).sin(Y).sin(Z) + sin(2X).sin(Y) + sin(2Y).sin(Z) + sin(X).sin(2Z)
+ sin(2X).cos(Z) + cos(X).sin(2Y) + cos(Y).sin(2Z) = 0
-2.cos(X).cos(Y).cos(Z) + sin(2X).sin(Y) + sin(X).sin(2Z) + sin(2Y).sin(Z) = 0
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Table 2: Literature on TPMS heat exchange applications
Reference

Method(s)

TPMS

Fluids
(Hot/Cold)

Additional
Information
•
•

Femmer et
al. (2015)

Expt. (Nu)
P, D, G Water/
&
CFD
& I-WP Water
(Δ𝑃)

•
•

•
Passos
(2019)

CFD

P, D, & Air/
G
Water

•

•
•
Al-Ketan
et al.
(2020)

CFD

D&G
(sheet
and
solid)

Airside
only

•
•

•
W. Li et al.
CFD
(2020)

D&G

sCO2/
sCO2

•
•

5 × 5× 5
unit cells
10×10×10
mm
Liquid
polymer
resin
𝑡𝑊 =
0.4 𝑚𝑚

Results
•
•
•
•
•

•
12×12×12
mm unit •
cell
Laminar
•
study (Re<
150)
•
TPMS heat
sinks
Forced
convection
•
𝑅𝑒 =
4080 −
65000
Input load
50W
to
500W
•
𝐷ℎ =
1.6 𝑚𝑚
𝑡𝑤 =
•
0.7 𝑚𝑚
•
5 ×1× 1
unit cells •

𝑁𝑢 𝑇𝑃𝑀𝑆 > 𝑁𝑢𝑝𝑙𝑎𝑡𝑒𝐻𝑋 > 𝑁𝑢𝑡𝑢𝑏𝑒𝐻𝑋
𝑁𝑢𝐷 > 𝑁𝑢𝐼−𝑊𝑃 > 𝑁𝑢𝐺 > 𝑁𝑢𝑃
for
flow above 12 mL/min
Δ𝑃𝐼−𝑊𝑃 > Δ𝑃𝐷 > Δ𝑃𝐺 > Δ𝑃𝑃 >
Δ𝑃𝑡𝑢𝑏𝑒𝐻𝑋
1

𝑁𝑢/(𝑃𝑟 3 𝑓) of all TPMS except P
better than tubeHX
D TPMS showed better efficiency even
at high flow rates
Unsteady laminar at Re>150 for D and
at Re>75 for P and G
Preferred flow lanes were formed at
high Re for P and D
D and G produced higher wall heat flux
due to better fluid mixing
D TPMS showed best thermalhydraulic performance

Schwarz-D structure produced 33%
higher heat transfer characteristics than
Gyroid structure

D structure produced high Turbulent
Kinetic Energy regions with increasing
heat transfer
30-80% higher heat transfer than PCHX
50-100% higher friction loss than
PCHX
16-120% higher Nu for a given
pumping power

The unit-cell dimensions were also fixed at 15mm × 15mm × 15mm. Since each TPMS geometry differs in its
topology, maintaining a fixed hydraulic diameter and dimension meant that each geometry had different wall thickness
𝑡𝑤 . Table 3 shows the unit-cell geometries of the four TPMS considered along with their geometric dimensions. For
this study the effect of wall thickness was considered negligible when compared to the effect of heat transfer area on
the wall thermal resistance. Figure 3 shows the four TPMS unit-cell geometries with the two fluid domains. For the
computational analysis, HX designs with 4×4×4 unit-cells of respective TPMS were considered.

3.1 CFD Model Definition
Conjugate heat transfer and fluid flow Computational Fluid Dynamics (CFD) were conducted for each TPMS HX
design with 4×4×4 unit-cells. Each TPMS unit-cell geometry was meshed in the Ansys® Academic Research
Mechanical, Release 20.2 (2020) environment using constant size tetrahedral elements with inflation layers to capture
the boundary layers. CFD grid uncertainty was resolved by performing a grid convergence study using the Grid
Convergence Index method (ASME, 2009; Roache, 1997). Since the unit-cell geometries contained a lot of face
details, meshing was done only for 1 unit-cell of each TPMS and then manipulated in Ansys® Academic Research
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Fluent, Release 20.2 (2020) to merge and create a 4×4×4 unit-cell HX design before performing the CFD analysis.
Thermal-hydraulic characterization simulations were conducted for laminar, steady state flow through the TPMS HX
geometries. It was assumed that there were no external forces, energy sources or gravitational effects. Water was used
as both hot fluid (@ 308.15 K) and cold fluid (@ 278.15 K) for this study. Polynomial curve fits as functions of
temperature and pressure were developed from NIST REFPROP (Lemmon et al., 2018), and were utilized for
thermophysical properties of water used in the analyses. The convergence criteria were set to 1E-05 for continuity and
momentum, and 1E-06 for energy.
Table 3: Geometric details of balanced TPMS geometries considered

Geometry

Area Density
[cm2/cm3]

Hydraulic
Diameter
[mm]

Wall
Thickness
[mm]

FK-S

17.98

3.81

0.45

FK-C(Y)

14.61

3.76

1.00

FK-C(±Y)

13.64

3.92

1.60

S-D

11.35

3.92

2.10

Image

Figure 3: TPMS Unit-cell geometries with fluid domains: (a) Fischer-Koch S [FKS]; (b) Fischer-Koch C(Y) [FKC(Y)]; (b) Fischer-Koch C(±Y) [FKC(±Y)]; (d) Schwarz-D [S-D]

3.2 CFD Model Definition
Grid independence study was conducted for the four unit-cell TPMS geometries shown in Figure 4. It shows the Grid
Convergence Index (GCI) (ASME, 2009; Roache, 1997) for hot side pressure drop and HTC. It can be seen that the
GCI is less than 10% for all four TPMS geometries when the mesh size is 0.3 mm.

3.3 TPMS HX Thermal-Hydraulic Performance Evaluation
Next, thermal-hydraulic performance of the selected four TPMS based HXs were evaluated using CFD. Each unitcell geometry was translated and combined in Ansys® Academic Research Fluent, Release 20.2 (2020) to form a
4×4×4 cube HX geometry as shown in Figure 5. Adiabatic no-slip wall boundary conditions were assumed for the
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external walls. Hot water was inlet at 308.15 K and the cold water was inlet at 278.15 K in counter flow arrangement
as shown in Figure 5. 10 different CFD simulations were conducted for each TPMS HX geometry with 10 different
inlet Reynolds numbers between 10 and 150. Both fluids were maintained at the same inlet Reynolds number in each
simulation for simplicity.

Figure 4: Grid convergence study on TPMS unit-cells

Figure 5: 4×4×4 FK-S unit-cell TPMS HX geometry with boundary conditions

3.4 Data Reduction
The important equations for data reduction are listed in this section. Friction factors 𝑓𝐷 were determined using DarcyWeisbach equation, given in equation (1), with a correction factor 𝐾, given in equation (2), for constant cross-sectional
area assumption.
𝑓𝐷 =

2 ∙ Δ𝑃 ∙ 𝐷ℎ
𝐾 ∙ 𝜌̅ ∙ 𝑣̅ 2 ∙ 𝐿

(1)

𝑉
𝐴̅𝑐𝑠 ∙ 𝐿

(2)

𝐾=
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where 𝐷ℎ is the hydraulic diameter of the fluid domain, 𝜌̅ is the volume averaged density of the fluid, 𝑣̅ is the volume
averaged velocity of the fluid, 𝑉 is the fluid volume, 𝐿 is the characteristic length of the model, and 𝐴̅𝑐𝑠 is the average
cross-sectional area of the domain. Heat transfer coefficients ℎ𝑓𝑙 for both fluids were reduced using UA-LMTD
method. Average wall temperatures from CFD, measured near the fluid inlets and outlets were used for the method.
Equations (3) – (6) explain the procedure where 𝑉̇ is the volume flow rate of the fluids, 𝐶𝑝 is the specific heat capacity
for individual fluid streams at various locations given by subscripts 𝑖, 𝑜, ℎ, and 𝑐, indicating inlet, outlet, hot, and
cold, respectively. Finally, a surface ”goodness” factor for the heat transfer surface was calculated as a Performance
Evaluation Criteria (PEC) (Webb, 1994). PEC for the three Fischer-Koch TPMS HX geometries were calculated in
comparison with that of the Schwarz-D TPMS geometry using the equation (7).
𝑄̇ℎ/𝑐 = 𝑉̇ℎ/𝑐 × 𝜌ℎ/𝑐 × 𝑎𝑏𝑠(𝐶𝑝,ℎ/𝑐,𝑖 𝑇ℎ/𝑐,𝑖 − 𝐶𝑝,ℎ/𝑐,𝑜 𝑇ℎ/𝑐,𝑜 )
Δ𝑇𝐿𝑀,ℎ =

(𝑇ℎ,𝑖 − 𝑇𝑤𝑎𝑙𝑙,ℎ,𝑖 ) − (𝑇ℎ,𝑜 − 𝑇𝑤𝑎𝑙𝑙,𝑐,𝑖 )
𝑙𝑛 ((𝑇ℎ,𝑖 − 𝑇𝑤𝑎𝑙𝑙,ℎ,𝑖 )/(𝑇ℎ,𝑜 − 𝑇𝑤𝑎𝑙𝑙,𝑐,𝑖 ) )

Δ𝑇𝐿𝑀,𝑐 =

(𝑇𝑤𝑎𝑙𝑙,ℎ,𝑖 − 𝑇𝑐,𝑜 ) − (𝑇𝑤𝑎𝑙𝑙,𝑐,𝑖 − 𝑇𝑐,𝑖 )
𝑙𝑛 ((𝑇𝑤𝑎𝑙𝑙,ℎ,𝑖 − 𝑇𝑐,𝑜 )/(𝑇𝑤𝑎𝑙𝑙,𝑐,𝑖 − 𝑇𝑐,𝑖 ) )
ℎ𝑓𝑙,ℎ/𝑐 =
𝑃𝐸𝐶 =

𝑄̇ℎ/𝑐
𝐴𝐻𝑇 Δ𝑇𝐿𝑀,ℎ/𝑐
𝑁𝑢/𝑁𝑢𝑆−𝐷
3

√𝑓/𝑓𝑆−𝐷

(3)
(4)

(5)
(6)
(7)

4. RESULTS AND DISCUSSIONS
Thermal-hydraulic results from the four TPMS HX geometries are shown in Figure 6 and Figure 7. Figure 6 shows
that the three uncharted TPMS HX geometries out-perform the Schwarz-D TPMS structure. The Fischer-Koch S
TPMS HX achieved 178% to 356% higher heat transfer when compared to Schwarz-D HX while the C(Y) TPMS HX
achieved 35% to 78% higher heat transfer and the C(±Y) achieved 23% to 43% higher heat transfer. In terms of
pressure drops across the TPMS HX geometries, C(Y) and C(±Y) HX geometries exhibited values similar to that of
the Schwarz-D HX geometry. However, the F-K S TPMS HX showed ∼30% lower pressure drops than the SchwarzD HX. Figure 7 shows the comparison of non-dimensional thermal-hydraulic performances of the four TPMS HX
geometries. FK-S showed 4-5 times higher Nusselt numbers (𝑁𝑢) while FK-C(Y) showed 1.8 times higher 𝑁𝑢 and
FK-C(±Y) showed 1.5 times higher 𝑁𝑢 than the Schwarz-D HX. All four TPMS HX geometries showed very similar
friction factor 𝑓𝐷 values which is interesting when looking at the pressure drop values. Friction factors of FK-S HX
geometry show comparable values with other geometries, which could be attributed to its relatively larger surface area
as it is evident from Table 3. In addition, a performance evaluation criteria (PEC) was calculated for the three FischerKoch TPMS HX geometries to quantitatively determine the improvements in the thermal-hydraulic performance when
compared to the Schwarz-D HX. Figure 8 shows the PEC values at different inlet Reynolds numbers for the three
Fischer-Koch TPMS HXs. Since the four TPMS HX geometries had very similar 𝑓𝐷 values for all flow rates, the PEC
values showed a trend that was like the 𝑁𝑢 as seen in Figure 8. It can be concluded that the FK-S TPMS HX showed
significantly better thermal-hydraulic performance than the other three TPMS HX geometries considered in the study.
The other two Fischer-Koch TPMS HX geometries also showed relatively better thermal-hydraulic performance than
the Schwarz-D TPMS HX. Thus, for a given hydraulic diameter, these uncommon TPMS HX geometries show better
fluid flow characteristics with significant improvement to the heat transfer performance when compared to the
Schwarz-D TPMS HX. It is also interesting to note that the PEC of the TPMS HX geometries scales with the available
area which is in line with results from Femmer et al. (2015).
Once it was determined that the uncommon TPMS HX geometries exhibited better thermal-hydraulic performance
than the Schwarz-D surface, a separate set of CFD simulations were conducted on the Fischer-Koch S TPMS HX to
characterize its thermal-hydraulic performance based on heat transfer and friction factor laws. Three different inlet
Reynolds numbers and three different inlet temperatures for hot water side were considered for the study. Similarly,
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three different inlet Reynolds numbers and two different inlet temperatures were considered for the cold-water side.
Overall, 54 different CFD simulations were conducted in all combinations of inlet Reynolds numbers and inlet
temperatures of the fluids. Table 4 lists the temperatures and Reynolds numbers considered for the study.

Figure 6: TPMS HX thermal-hydraulic performance comparison: (a) Total heat transferred Vs. flow rate; (b)
Pressure drops Vs. flow rate

Figure 7: TPMS HX thermal-hydraulic performance comparison: (a) Nusselt number Vs. inlet Reynolds number;
(b) Friction factor Vs. inlet Reynolds number

Figure 8: PEC for the Fischer-Koch TPMS HX geometries
Nusselt number results from the CFD simulations were correlated by the generalized heat transfer power law given in
the form of equation (8) and the friction factor results from CFD were correlated to inlet Reynolds number (𝑅𝑒) in the
form of equation (9).
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𝑁𝑢 = 𝐴 × 𝑅𝑒 𝐵 × 𝑃𝑟 𝐶

(8)

𝑓𝐷 = 𝐷 × 𝑅𝑒 𝐸

(9)

Parameters A, B, C, D, and E were all determined by performing regression fit of the non-dimensional fluid properties.
Equation (10) and equation (11) highlight the determined parameter values. Subsequently, values from the correlations
were verified with the results from CFD and the verification plots are shown in Figure 9. Similar correlations for the
thermal-hydraulic characteristics of the other two Fischer-Koch TPMS HX geometries could be developed and are
planned for future work.
𝑁𝑢 = (1.2052) × 𝑅(0.1228) × 𝑃 (0.1261)
𝑓𝐷 = (0.01988) ×

(10)

𝑅(−0.5586)

(11)

Table 4: Fluid inlet conditions used for the characterization study
Rehot
[-]
35
62
128

Tin,hot
[K]
308.15
338.15
368.15

Recold
[-]
27
73
134

Tin,cold
[K]
280.65
295.65

Figure 9: FK-S TPMS correlations verification: (a) 𝑁𝑢𝐶𝐹𝐷 Vs. 𝑁𝑢𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 ; (b) 𝑓𝐷,𝐶𝐹𝐷 Vs. 𝑓𝐷,𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛

5. CONCLUSIONS
Based on literature it is clear that the TPMS geometries showed great potential for HX applications as they had
compact structure and smooth continuous flexures. It has been revealed that Schwarz-D TPMS HX design can
outperform compact HX designs like printed circuit HX. However, the complexity in the analysis and fabrication of
TPMS structures has been limiting the research efforts to the most common TPMS surfaces. In this research, few
understudied TPMS structures were explored for heat exchanger applications and the performance enhancement over
Schwarz-D TPMS structure were highlighted. The effect of unit-cell wall thickness on the pressure drop performance
of TPMS HX geometries might be significant and warrants a separate study in the future. In addition, thermalhydraulic characterization of one of the uncommon TPMSs (FK-S) based HX was performed to determine heat transfer
and pressure drop correlations. Similar characterization can be performed for the other two TPMS geometries
considered in the study. The TPMS HX designs considered in this study are currently being fabricated through additive
manufacturing. As a next step in this research, CFD models developed for the TPMS HXs will be validated against
experimental results. With the research on TPMS structures gaining traction day by day, the results from this research
should serve as motivation to explore other uncommon TPMS structures and that they can provide better results than
the more popular Schwarz-P, Schwarz-D, and Gyroid TPMS structures.
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